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The analysis based on Rudenberg’s well-known letter of 1951, which has been outlined for
molecules in a preceding contribution, now will be transfered to translational periodic systems in one,
two, or three dimensions. Again, when applied unrestrictedly to “Linear Combination of Atomic Or-
bitals” representations (LCAO) of both “Unrestricted” and “Restricted Hartree-Fock” pictures (UHF
and RHF), Rudenberg’s integral approximations of Mulliken type lead to a thorough interpretation
of “Extended Hiickel” crystal orbital theories (EHT). Moreover, Ridenberg’s ideas provide us with
“Unrestricted and Combined” extensions (U&C) of the widely-used approximation schemes “Zero
Differential Overlap” (ZDO) and “Neglect of Diatomic Differential Overlap” (NDDO). An improved
variant of EHT is also presented. Corresponding “Restricted and Combined” concepts (R&C), which
overcome some shortcomings inherent in Riidenberg’s original recipes, will be sketched.

Key words: Unrestricted (and Restricted) Hartree-Fock Crystal Orbitals; Integral Approximations
According to Mulliken and Riidenberg; Zero Differential Overlap (ZDO); Neglect of
Diatomic Differential Overlap (NDDO); Extended Hiickel Theory (EHT).

1. Introduction

As in the preceding contribution [1], the main
topic of the present paper is Riidenberg’s letter of
1951 [2] with its two truncated expansions (symbol-
ized by | and II) of diatomic orbital products. In addi-
tion to Riidenberg’s proper concepts (R) in the sense
commonly used, we distinguish three other kinds of
Ridenberg-type approximations, which are closely re-
lated to the schemes of Mulliken (M) [3], “Zero Differ-
ential Overlap” (ZDO) [4], and “Neglect of Diatomic
Differential Overlap” (NDDO) [5]. In particular, we
consider their application to the crystal-orbital exten-
sion of Roothaan’s closed-shell “Restricted Hartree-
Fock” theory (RHF) [6] in its generalized “Unrestrict-
ed Hartree-Fock” form (UHF) of Pople and Nesbet [7].

Apart from any numerical application, which will be
the subject of forthcoming investigations, we first of
all intend to interprete the consequences of an “Unre-

stricted and Combined” use (U&C) of Riidenberg’s ap-
proximations in crystal-orbital UHF theory. Within this
context, the term “Unrestricted” indicates that the con-
sidered approximations will be applied irrespectively
of the one-, two-, and multi-index or -center quality
of the integrals involved. (Note that “Unrestricted” in
this sense has nothing to do with the conceptual par-
ticularities of the “Unrestricted Hartree-Fock™ picture
itself).

As we shall see, the U&C use of Riidenberg’s
Mulliken-type approximations (M.U&C) culminates
in a completed understanding of the crystal-orbital
analogue of the Wolfsberg-Helmholz formula [8]
which is a constituent part of the semi-empirical “Ex-
tended Hiickel Theory” (EHT) of translationally pe-
riodic polymers, surfaces, and solids [9]. Further-
more, an improved Riidenberg-type variant of M.U&C,
called R.U&C, will be proposed, which is appropriate
for non-empirical computer implementations, since it
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fulfills the “rotational invariance requirement” [10] of
all ab-initio quantum chemical concepts.

Another well-established feature of semi-empirical
quantum chemistry is the orthonormality assumption
with respect to the predefined atomic orbital basis set.
If one supposes this orthonormality property to be
valid, our M.U&C and R.U&C frameworks immedi-
ately convert into two additional “Zero Integral Over-
lap” (Z10) and “Neglect of Diatomic Integral Overlap”
(NDIO) pictures, which are partially identical with the
widely-used ZDO and NDDO approximation schemes,
respectively.

Finally we are going to stress that all these four ap-
proximations, which are commonly based on the U&C
use of Ruidenberg’s ideas, imply considerable oversim-
plifications. In order to overcome such shortcomings,
another set of four “Restricted and Combined” (R&C)
crystal-orbital concepts will be sketched. Here, the at-
tribute “Restricted” indicates the avoidance of particu-
lar oversimplifications which is consistent with the cor-
responding level of approximation.

2. Basic Equations

Introducing periodic boundary conditions accord-
ing to Born and v. Karmén [11], we consider a three-
dimensional crystal (d = 3) as being built up of Ngpc =
NaNpNc unit cells, connected by N, Ny, and N¢ trans-
lational symmetry operations along the three crystallo-
graphic directions defined through the primitive lattice
vectors a, b, and c, respectively. Ng = Ny = Ng :=1
corresponds to the zero-dimensional molecular case
(d = 0). In one-dimensional systems (d = 1) only one
of the positive integers Na, Ny, or N differs from 1
whereas in two-dimensional lattices (d = 2) there are
two unit-cell numbers greater than one.

Within the Born-Oppenheimer picture [11] of N,
fixed nuclear positions per unit cell, standard non-
empirical quantum chemical methods [11] usually ex-
pand the delocalized crystal orbitals of the j-th en-
ergy band {¥j(k,ri)|j =1,...,No} as linear combi-
nations of N, symmetry adapted Bloch sums [11]
{@, (k)| =1,...,No}, constructed from N, atomic
orbitals per unit cell. Each wavevector k = {k2 kP, k°}
has components that cover the following ranges defin-
ing the first Brillouin zone [11]:

_£<kag+£, —£<kb§—|—£,
B @ o,
- . (21)
——= <k <+—

N

In the “Unrestricted Hartree-Fock” theory (UHF) of
Pople and Nesbet [7], which is central within the scope
of this paper, two different crystal orbital sets have
to be determined. The o-spin “Linear Combination of
Atomic Orbitals” (LCAO), for instance, reads

2(1)’ (k,r)CE(K),j=1,...,No, (2.2)
with
o1 NT
@, (ki) =NgZ Y exp (ilk®mglal + kmy|b|  (2.3)
m=N—

+ K°me|cf]) @y (i — Rm),

where we introduced the following abbreviations:

b

R

(2.4)
m=N" Ma=Ng Mmp= Nb me=N¢
m = {My, My, Mc},
(2.5)
= {Ng N NG N = {NG NG NG,
and
Rm = mya+ mpyb+ mec. (2.6)
The summation limits are defined as:
N- = —(Na—2)/2, if N;even,
& 7 1 =(Na—1)/2, if Ngodd,
and (2.7)
NE +Na/2, if Na even,
&7 1 4+(Na—1)/2, if Ngodd.

Analogous definitions hold for the crystallographic b
and c directions.

An equivalent second ansatz has to be made for spin
B. If one should find the unrestricted o~ and B-spin
orbitals to be identical, they both are of the restricted
form according to Roothaan [6]. Hence, Roothaan’s
“Restricted Hartree-Fock” theory (RHF) is formally
included in the more general Pople-Nesbet description.
We therefore restrict our discussion to UHF theory. If
necessary, all expressions then can be translated easily
into the RHF picture.
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In order to be more specific, (2.2) and (2.3) can be
rewritten as follows:

Nn No(M)
2 Y, (k- Rm)C 1) (K);
M=1 ,_1:]_
J = 17 . ) NO7
(2.8)
with
@ (k,ri —Ru) = Nyi2 (2.9)
N+
Y exp+KPmy|b| + k°me|c]]) @y (ri — Rm — Rm).
m=N—

In contrast to the first notation of (2.2) and (2.3), the
(2.8) and (2.9) explicitely specify the position vec-
tor Rm = (Xm,Ym,2m) of the M-th atom within each
unit cell, to which all ny(M) basis functions with in-
dex u belong. While the first notation will be cho-
sen in discussing the simple approximation recipe of
Mulliken [3] and the “Zero Integral Overlap” scheme
(Z10), the second notation will turn out to be partic-
ularly appropriate in the context of Riidenberg’s more
elaborate approximation [2] and the “Neglect of Di-
atomic Integral Overlap” concept (NDIO).

Four types of integrals can be distinguished within
both UHF and RHF theories:

e Overlap integrals

/d)u —Rum)®y (ri — Ry — Rn)dr;
(Son)uv  notation 1 (2.10)
= On
( M N > notation 2,
uov
e kinetic energy integrals
/‘Du(ri —Rwm) [A(ri) Dy (ri — Ry — Rp)] drj
(Kon)uv notation 1 (2.11)
B (KOn)(M#)(Nﬁv) notation 2,
[ i 3 = 8_ i
with the Laplacian operator A(ri) = P 8y2 az|2

and

e nuclear attraction integrals
—zp/qbﬂ(ri—RM)\ri “Rp—Ry| "L, (F—Rn—Rn)dr;

(VOn )uv [pP] notation 1

= (o] n
( M E N ) notation 2,
u v

with the atomic number Zp of nucleus P, depend on
the three Cartesian coordinates ri = (xi,Vi,z) of one
electron only. Using the chemists’ notation, the six-
dimensional

e two-electron repulsion integralsread as follows:

ot

(2.12)

—Rm)®y (ri — Ry —Ry)[ri —rj| 7t

( RT—Rt)(P)L( R|_—R|)dl’idl’j

notation 1,
(2.13)

) notation 2.

Hence, three-index (notation 1) and three-center
(notation 2) integrals can be of attraction and repul-
sion type, whereas all four-index (notation 1) and four-
center (notation 2) integrals are exclusively repulsive.

Atomic units (a.u.) are used throughout this paper.
For convenience, all atomic functions are taken to be
real, normalized, and locally orthogonal.

2.1. Pople-Nesbet Equations of Crystal Orbital Theory

In crystal orbital theory, the coefficient matri-
ces C'*(k) of (2.2) or (2.8) with the property
C'*"(k)S*(k)C'*(k) = 1 are determined by solving
the k-dependent Pople-Nesbet equations. Their a-spin
part reads as follows:

F'*(k)C'™(k) = S (k)C'*(K)E* (k). (2.14)
E*(k) is the diagonal matrix of crystal-orbital ener-
gies:

E¢k) O .. 0
0 E¢K) .. O

E°k)=| . , . (2.15)
0 0 EZ (K)



788

Ej* (k) belongs to the j-th column of C'*(k), where j is
the energy-band index. Density matrices of the Bloch
basis are defined by:

P (k) = C'*(k)Q%(k)C'*" (k). (2.16)

The diagonal matrix Q% (k) contains the occupation
numbers ¥ (k) of the crystal orbitals ¥;* (K, ri):

Q¥k) 0 ... 0
0 Q8K

QU= . . , (2.17)
oo agw

with

Qr (k) = 1 if¥¥(k,ri) is occupied, (2.18)
0 else.

The symmetry adapted complex overlap integrals of
the Bloch basis are obtained by summing up all real-
space overlap integrals according to

N+
> exp (i[K%nalal + Kony|b)
n=N~—

S(k) =
(2.19)
+ K°nelcf]) Son = ST (K).

An equivalent expression holds for the Fock matrix
F'o(Kk):

N+
Fo(k)= Y exp(ilkina|al +Konp|b|
n=N- (2.20)

+ Knelcf]) F&, = F"*" (k).

Symmetry properties like (So-n)uv = (Son)vu and
(F&_)uv = (F&,)vu can be utilized to accelerate real-
space lattice summations from a computational point
of view. The summation limits in (2.19) and (2.20)
have to be chosen in such a way, that the lattice summa-
tion includes all non-vanishing contributions. We are
going to reconsider this problem below.

2.2. Real-space Fock-matrix Representations Using
Notation 1

Next, we write down two different but equiva-
lent formulations of the unrestricted a-spin real-space

W. Koch et al. - Riidenberg’s Integral Approximations in Crystal Orbital Theories

Fock-matrix representation of (2.20). Using the first
notation we can write:

(an)pv = (KOn)pv
Nt Ny

+ 2 2 (Von)uv[pP]

p=N— P=1

def
- (Fén)ﬂv

N+t
q (6]
tI=N" 7,

No

tl
TA

A=1

def
=(F&)uv
N+ No

o z z ( ﬁ‘)m(gi

tI=N"7,A=1

nl
v

def
= (FaOE)HV

n=N",...,NT,
{ w,v=1...No. (2.21)
The symbols A, C, and E stand for the Attrac-
tive, Coulomb, and Exchange parts of the Fock-
representation, respectively.

The real-space density-matrix representation P is
available from the corresponding complex reciprocal-
space P'%(k) matrices by means of k-space integrations
over the Brillouin-zone ranges defined in (2.1):

P = e | [ [eofifeta-tael @22

KOty — 1) b+ KC(te — |C)|c|} }P;g(k)dkadkbdkC.

Vy denotes the d-dimensional volume of the primitive
real-space unit cell (Vo :=1). Again, equivalent expres-
sions for B-spin have to be formulated analogously.
The total density matrix is defined through

Py =Py 4 PP

v, LI=NT L NT

(2.23)
In the RHF theory, however, no second equation for
B-spin is needed, since in this case the crystal orbitals
are restricted to be doubly occupied in general. Conse-

quently one then finds that P§ = Pﬁ = 1Py

2.3. Real-space Fock-matrix Representations Using
Notation 2

Choosing the more specific second notation, (2.21)
and (2.22) read:
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]

N /O p N+ o) t 1
(an)(M#)(NW = (Kon) M) + 2 2 (M pN ) + 2 2 (PtEF)(T,r)(L,/l) (M N T L)
P=N-P=1 \ pu v tI=N-T,L=1 =1 2A=1 uviti
dg‘(':On)(M-,u)(N v) d:ef(FOn)(M,u)(N,v)
Nt Ny No(T)no(L) Ot n |
- Z (Pu)(T 7)(L,A) (M TIN L>, (2.24)
tI=N—-T,L.=1 =1 A=1 utlv A
EFEE mwny)
Nn=—N, .. +N;M,N=1... No;u=1,....n(M); v=1,...,no(N),
and
(P rowa) =
ey / / / eXp{i[ka(ta—|a)‘a|+kb(tb—|b)\b|+kc(tc—|c)\c|}}P/O‘ (k) dkdkPdKC. (2.25)
(2m)d (T,o)(LA)

2.4. Reciprocal -space Integrations

Following Ramirez and Béhm [12], we assume that the integrals of (2.22) (or equivalently those of (2.25)) can
be approximated by discrete summations within the first Brillouin zone:

N2 N2 ONS

(P =N S 3 S Wt {exp {i [Ki(ta—la)al + K (to )bl + K tc — Le) ¢l | } P (k) }

u=N2 y—NP w=N°

where

Wow :=1 forall

v=NP ... NP;w=NC, ... NE.

u=N?,..N%;
(2.27)

The imaginary part of (2.26) vanishes, so that the P
matrices are real.

Furthermore, as recommended in [12], we consider
the N@¢ = N2NPNC discrete wavevectors

v=NP .. NP;w=NC ... N¢}

to form a homogeneously distributed grid. Given the
positive integers N2, NP, and N€, we write analogously
to (2.7):

if N2 even,
if N2 odd,

NE o {—(Na—zvz,
~(N2-1)/2,

(2.26)

and

if N2 even,

2.2
if N2 odd. (2.29)

a . ) +N?/2,
. {+<Na—1>/2,

The equidistant set of wavenumber components is now
selected according to

2 .
K= E’TN& with u:=N2,... N2, (230)

Equivalent definitions hold for the crystallographic b
and c directions. As in the real space, N@ = NP = N¢:=
1 also corresponds to the zero-dimensional molecular
case, for example.

If the summations of (2.26) run over the full
Brillouin-zone ranges, all reciprocal-space Ky points
have to be regarded as being equivalent. As indicated
above, the weighting factor Wiy is always equal to 1
in this case. Utilizing the symmetry property

P'%(k) = P**(—k) (2.31)
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of the reciprocal-space density matrices, however, we
can restrict ourselves to real part summations ranging
from w = 0 to w= N$. All quantities with the excep-
tion of those belonging to the two special points k§ =0
and kerc/2 = 4 /|c| have to be counted twice in this
case:

N2 NP OONS

ADIPAL

u=N2 y_Nb w=0

(Ptl )‘L')L - (Nabc

-{ cos [Ka(ta— ta)lal + K}t ~ 1)
+ Ky (te — lo) el R { P (kuww) }

— sin [Ka(ta — la)|a] -+ KO (to — 1) |b|
K (te— lc) |c|]8{ km}} (2.32)
with
Wum::{l, if w=0 orw=+N°/2, (233
2, otherwise.

Moreover, if one uses the symmetry rules developed by
Ramirez and Bohm [12], one finally can even restrict
k-space summations to the irreducible part of the Bril-
louin zone. Since the symmetry property of (2.31) also
holds for the matrices

such techniques may considerably reduce the prese-
lected number of wavevectors for which the general-
ized eigenvalue problem of (2.14) has to be solved.

3. “Unrestricted and Combined Mulliken”
Approximations (M.U&C)

We now ask the following question: Under what
conditions will the off-diagonal elements (F4,)uv,

(FSn)uv, and (FEE),, of (2.21) be reduced to their

n
subsequent form

(Son)uv

(FOn)uv = Y (3.1

~{(FGo)up + (Fhn)w },

:(Féo)vv

(an)uv = (802)

{(F&0)uu + (3.2)

+ (Fin)w }
——

:(F(c:)o)vv

(FgE)ﬂV = (SOZ)

{(Foo)uu (FﬁnE)va (3.3)
————
=(F&&)vv

which is characteristic for semi-empirical crystal or-
bital theories of “Extended Hiickel” type [9]?

As in the preceding contribution [1], we give the fol-
lowing answer: Applying Mulliken’s well-known ap-
proximation [3] of a two-index one-electron density

I
Fe (k) = F'(—K), 234)  {Du(r)®y(ri—Ry) "= (3.4)
S(k) = S*(—k), 2.35
(k) (=K) (2.35) (Son BV £ (1) Ba (1) + By (11 — Ra) By (i — Ro) )
(k) = c**(—k), (2.36)
unrestrlctedly to the attractive and the Coulomb part
and of (2.21), we immediately arrive at (3.1) and (3.2), re-
E%(k) = E%(—kK), (2.37) spectively:
I Nt N
(Fén)g\c] :— { 2 2 (Voo) py [pP] + 2 2 (Vnn) v [pP] } (3.5)
p=N-P=1 p=N-P=1
d :(Féo)uu :(Féo)vv
an

MM |
(FSam ™
" ey iyt

Son)uv [ & N 0Ot |
el 5 5 e (0l

wm!
=(F80)LH]
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The attribute “unrestricted” indicates here that Mul-  term of a Riidenberg-type expansion [2] of a diatomic
liken’s simple recipe is applied to (2.21) without mak-  one-electron density:

ing any distinction between one-, two-, three-, or four- |

index terms. Evidently, oversimplifications with re- {q)“ —Rwm)®y(ri — Ry _Rn)}[RMN]

spect to some kinds of two-index integrals are toler-
ated in such a description. Moreover, as we shall see

(M) /O n
below, implicit oversimplifications are also inherent in ::%{ Y (M N) (ri —Rm) @y ( ) (3.7)
the treatment of some kinds of three-index repulsion w=1\y v
integrals as well. n(N) /O n
As outlined in the appendix of [1], Mulliken’s ap-  + 2 (M N> v (i —Rn—Rn) @, (ri — Ry Rn)}
proximation of (3.4) can be regarded as the diagonal vi=1 \u v

In addition, Rldenberg’s letter of 1951 proposes another approximation scheme, which refers to an expansion of
a two-electron two-center orbital product:

i - Riy 1"
{(pﬂ(rl_RM)(pv(rJ—RN—Rn)} :5 zl
=

+
g
Mz
/N
=X O
Z S

) @, (1 — Ry — Rn) @y (1] — Ru — Rn>}. (3.8)

Similarly, the diagonal term of (3.8) can be regarded as the two-electron equivalent of Mulliken’s simple formula
in (3.4):

[@u(r)y(r) — Ry M) = S0 2oL, (1) @y (1) + By (1 = Ra) Dy (1 — Ro)}. (3.9)

Inspecting the exchange part of (2.21), the desired reduction now can be achieved using (3.9):
Nt N

! N M) n M2
(FOn)LvM]Z— { 2 2 Pt| 7:7L<ﬂ1- ”)L)M + 2 2 (Ptl)rl( ! V)|L>M } (3.10)

tl=n—1,A=1 tl=n—1,A=1

=(|:g(E))[M"]uu :(F%%)[M"]vv

We therefore conclude: Whenever Kinetic energy integrals are considered to be accurately known,

o “Extended Hiickel” orbital theories find a rationalization in an “Unrestricted and Combined” use of both
Riidenberg approximations of Mulliken type:

MU&C 1] Ing! Ippll
(F&nYEC) = (Konhuy + (FAM -+ (FSIM™) - (Fag)ie ™" (3.11)
So M! I
— (Kon)uy + 00 [(FRG) 1 (FSo) ! — (FEE)N" + (FAo)ww + (FSo) e —(Fe5) M),

e All what we need besides the overlap integrals are the diagonal elements which have to be calculated
according to (3.5), (3.12), and (3.13):

)iZ tlrlsllrl"'E%( ‘ )E% (Pi) e (Si)a }

t=N— 7= t=N—71=1
Nt No 00 No N+
- (uu Tr) (P*S))er = Y, ((P¥S)oo)er Y, ( ), (3.12)
t=N-7=1 7=1 t=N—
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and

{W > (i’ifii)% > (PE)an( (St X z( 22 ;):%
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Nt No Nt No

t =1

(P§) A (Su)e }

N & oot S " fot|ot
= 3 3 (0Y0L) (PSh)ee = X (P Soo)er 3, (21]21) (3.13)
t=N—17=1 =1 =N
e Within such an “Unrestricted and Combined Mul-  with
liken” picture (M.U&C) multi-index integral compu- .
tations can be avoided. Only the one- and two-index (FC )[ZIO'] _ % (PL) NZ (oo t t) (4.2)
integrals occuring in (3.5), (3.12), and (3.13) have to O uu - & 100 T LAVA
be evaluated completely. B
) ) and
4. “Unrestricted and Combined Z10”
Approximations (Z10.U&C) 20 N N
_ o (F& =Y. (Pl X (21[21). @9)
Another well-established feature of semi-empirical 7=1 t=N-—

quantum chemistry is the assumption of a globally or-
thonormal atomic orbital basis set. If one supposes
this orthonormality property to be valid, the M.U&C
picture outlined above immediately converts into a
corresponding “Zero Integral Overlap” approximation
(Z10.U&C), the one-electron part of which is identical
with the “Zero Differential Overlap” scheme (ZDO)
originally introduced by Parr [4]:

— {(D“ (Dv(rl R )}[ZDOHV]
= 8on v Dy (1) Py (ri),

where don = &on,00n,n.. Following Riidenberg’s
two-electron route of approximation the two-electron
analog of (4.1) then reads

(4.1)

- Rn)}[ZIO el = 6on 6y Py (1i) Dy (rj).-
(4.2)

In order to deduce the close relationship between the
M.U&C and the “Unrestricted and Combined ZIO”
picture (Z10.U&C) one only has to substitute all over-
lap integrals of the last section by an equivalent Kro-
necker symbol.

{ @y (ri) Dy (r;

e Consequently, we then define:

(F& )[ZIO v&c] . _
On

uv (KOn)ﬂv+5On5/Jv (4.3)

+50n6w{<Féo> T (FG) 2 - (FSE)ELOH]},

e The ZIO.U&C scheme introduced in this way is
completely compatible with Riidenberg’s approxima-
tions of Mulliken type, together with the additional as-
sumption (Son) ., ‘= Gonbuv-

It should be emphasized that the ZIO equations
of this section can only be valid non-empirically if
all the integrals involved have been correctly trans-
ferred into the globally orthonormalized basis as well.
Alternatively, one could try to introduce empirical
parametrizations like in the “Complete Neglect of Dif-
ferential Overlap” (CNDO) or “Intermediate Neglect
of Differential Overlap” (INDO) treatment [5, 13], for
instance.

5. “Unrestricted and Combined Ridenberg”
Approximations (R.U&C)

Mulliken- and ZDO-type simplifications are not in-
variant with respect to rotations of local coordinate
axes [10]. Although they offer considerable advantages
due to their conceptual simplicity, neither the M.U&C
nor the ZIO.U&C approach can be considered as an
approximate non-empirical orbital theory without im-
posing additional assumptions.

Ridenberg’s more elaborate expansions of (3.7) and
(3.8), on the other hand, as well as the “Neglect of
Diatomic Differential Overlap” concept (NDDO) of
Pople, Santry and Segal [5], to be discussed in the next
section, fulfil this rotational invariance requirement au-
tomatically [10].
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In analogy to the corresponding M.U&C ansatz of  In the “Unrestricted and Combined Riidenberg” pic-

.11) we now write ture (R. efined in this way, both approximation
(3.11) i (R.U&C) defined in thi both imati
routes are considered to be applied exhaustively. Con-
o \[RU&C] . . e s
( On)(M,m(NM = sequently, oversimplifications are generally tolerated
| here, not only for certain three-center repulsion inte-
(Kon) M.u)(Nv) + (an)m“)m_‘,) grals, as we shall see later, but even for some kinds of
- e two-center repulsion and attraction integrals as well.
+ (FOH)E?/Ii1(N,v) - (FgE)ERM,E)(]N,v)’ (5.1) Using (3.7), we get for the attractive part of the Fock

matrix defined in (5.1):

R 1 (M) /O n Nt Ny O O n(N) /O n NT  Np n n

A .

(Fon) M ) (N.v) :E{ > (M N) > (M M) > (M N) 2 (N N)} (5.2)
u/=1 IJ/ v p—N P=1 u IJ/ vi=1 u v/ p_ v/ v

=(FB0) M.y M ") =(F80) (n.v/) ()

Along the same lines, an application of (3.7) to the Coulomb part of (5.1) yields:

c \RIR] 1) /0 N\ NN no(T)re(L) oot 1Rl
(Fon) (M. n.v) ::E{ > (M N> DY (Pﬁ)(T,r)(L¢A)<M M| T |_>
w=1 \y v/ tl=N-TL=1l =1 A=1 TR TiN A

Rl)
(FG0) g )

Finally, using Rudenberg’s two-electron approximation of (3.8) for the exchange part of (5.1), we achieve an
analogous expression:

M) /O N\ Nt N No(T)no(L) o t|o I\ R
FoE R'R"] 1 - (P%)
( On)(M,u)(N,v) ) Z M N Z Z Z Z tI THOLAMH{ M T | ML
w=1 \y v/ tl=N"TL=11=1 A=1 [T A VL
N
=(F88) (v uym ) . (5.4)

> oY (Pﬁ)(T,T)(L¢A)< N

v/

a -

(FaE)[R“]
Conclusion: COTNVINY)

o Disregarding the kinetic energy integrals of the first term of (5.1), the most appealing feature of (5.2), (5.3),

and (5.4) is that off-blockdiagonal elements can be fully led back to a determination of related blockdiagonal
elements:

o [R.U&C] o K 1 no(M)
(FSn) v = (Kon) v +5 21
w'=

“Zlse)

On
R R
v N) [(F/50><M,u><M,u'> + (FSo)pman ~ (F8)m, u)(M,m}
v

R"]
(FB0) vy vy + (FE0) vy — (FE8) (v )(N,v)]}' (5.5)

l_|



794 W. Koch et al. - Riidenberg’s Integral Approximations in Crystal Orbital Theories

e The “Unrestricted and Combined Riidenberg” picture defined in this way, can thus be regarded as a rotational
invariant extension of the “Unrestricted and Combined Mulliken” approximation.

o Multi-center integrations can be avoided. Only those one- and two-center integrals have to be evaluated
completely, which occur in the following blockdiagonal expressions:

c R N & Do
(Féo) mpmmun = 2 2 2 | m
T

((PqAS)tt)(T,r)(T ) (56)
Nn No(T) N+ OO|t t
= D ((P"S)00) 1110 (M M| T T>7
T=1117=1 t=N"\u u|t 7
and
e R Nt Ny no(T) /O t]O t 1 Ny No(L) t o
(FG0) My : D2 lmt|mr 2 > (P (roL) L
t=N-"T=17,7=1 w ot 7 |=N—L=1A1=1 ‘L'/ A
=((P*S)ut )(T‘[)(T‘[/)
N* Ny no(L) t
Z Z Z PtI (T,7)(L,A) (T L)} (5.7)
|J=N-L=121=1 T A
=((P¥S)tt) (7,¢/)(T,)
No Mo(T) ¢ Nt /O t|O t
= > E{((Pas)oo)(T,r)(T,r’)+((PaS)OO)(T,r’)(T,r)} > (M T|Mm T>~
T=1t1,7=1 t=N"\p 7v|u 7
6. “Unrestricted and Combined NDIO” electron analog of (6.1) then reads
Approximations (NDIO.U&C)
{1y — Ru) @y (1) — Ry — Ry) } V%) =
K ! (6.2)

As in the “Unrestricted and Combined Z10” section,
we finally assume the atomic orbital basis set to be
globally orthogonalized. The R.U&C picture outlined
above then immediately converts into an “Unrestricted
and Combined” variant of the “Neglect of Diatomic In-
tegral Overlap” scheme (NDIO), the one-electron part
of which is identical with the “Neglect of Diatomic
Differential Overlap” scheme (NDDO) originally in-
troduced by Pople, Santry, and Segal [5]:

|
{ Dy (i — Ru) @y (1 — Ry — Ry) }INP1OWN -

{ Dy (i — Ru)®y (1 — Ry — Ry) }INPPOWN . (6.1)
SonOMN D@y (1i — Rm) @y (ri — Rw),

where again don = Oon,don,done. Following Riiden-
berg’s two-electron route of approximation, the two-

50n5MN¢Du(ri — RM)(PV(I’J' — RM).

In order to deduce the close relationship between the
R.U&C and the “Unrestricted and Combined NDIO”
picture (NDIO.U&C), one only has to substitute all di-
atomic overlap integrals of the last section by an equiv-

alent diatomic Kronecker symbol.

e Consequently, we then define:

[NDIO.U&C] .
( gn)(M7“)(N7v) = (KOH)(M,;L)(N.V)

NDIO!
+ 5On5MN{(FéO)(M,u)(M,V) + (F(C:)O)EM#)(']VW)

g, [NDIO"]
~ (P& |-

(6.3)
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with
NDIO!

(FOO)EM,y)(I]\/I,v) = (6.4)
Nn No(T) Nt /O O t

2 (Pgo)(T,r)(T,/l) 2 (M MI|T T)

T=1r1,1=1 t=N"\u v it A

and
NDIO!

(FE8) ) = (65
Ny No(T) N+t Ot|Ot
> Y (P8 roma X (M 7| M T>~
T=l7A=1 t=N"\p 7|v A

e The NDIO.U&C picture constructed in this way
can be completely understood within the R.U&C
framework together with the additional assumption of
zero diatomic integral overlap.

Again, it should be emphasized that the NDIO equa-
tions of this section can only be valid non-empirically
if all the integrals involved have been correctly trans-
ferred into the globally orthonormalized basis as well.
Alternatively, one could try to introduce empirical
parametrizations like in the standard NDDO treat-
ment [5, 13], for instance.

7. Real-space Lattice Summations Including
Long-range Interactions

7.1. Long-range Correction of the Fock matrix

We now return to the problem mentioned above
in connection with the (2.19) and (2.20) concern-
ing real-space lattice sums. In these two cases, the
choice of unit-cell numbers Na, Ny, and N¢, which gov-
erns the expense of real-space lattice summations in
general, can be kept rather small, since the matrices
(Son) and (Kon) occuring in the Fock-matrix represen-

tations (F&,)MY4 (3.11), (Fg,)#OVE) (4.3),
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(Fg YRV (55) and (Fg,)NP'OVEC] (6.3) decay
rather quickly with increasing intercellular distances
Due to an equally rapid fall-off of the two-center ex-

1]
change integrals, even the matrices (Fgg)[“" ] (3.13),

zio" R!! NDIO"
(Fg5)“" 45), (FEE)™ (5.7), (F )" (6.5),
can get along with small Na, Ny, and N¢ parameters.
Only the attractive and repulsive matrix represen-

tations (FAo) (2.21) or (2.24) and (F$o)™’ (3.12),
I

(F30) ™) (4.), (FSo)™ (56), (FS0)"™"°! (64)
contain long-ranging two-center integrals of Coulomb-
type.

For large internuclear distances, however, these
Coulomb-type attraction and repulsion integrals can be
identified approximately with classical Coulomb inter-
action energies:

(6] O
(M 1 M) ;= —Z1|Rw — [Rr — R{J| Y forall u,
[T

(7.2)
oo
(M M
uou

Therefore, instead of choosing extremely large unit-
cell parameters, we propose the following real-space
summation technique. Assuming that all integrals ex-
cept those of (7.1) and (7.2) have decayed suffi-
ciently if

tt
T T) = |Rm — [Rr —Ry]| " forall u, .
T 7T

(7.2)

~ (So{o,o,Ng}) ~ 0,
(7.3)

(So{N;,o,o}) ~ (So{o,Ng,o})

we introduce the following long-range correction:

df +oo  Np O O no(T) OOt t

oo € t q

F M,u)(M,u) 2 2{ (M T M) + 2 (Pgo)(T,r)(T,r) (M M|T T) }
t=—00T=1 u u =1 wultT7T/)e

=4y =|Rm—[Rr—Ry| 1

(7.4)

T#0M —Z7|Rm—[RT—RY{]

4o Np

=Y > (—o7)|Rw—[Rr —Ry|~*forall ,
t=—eoT—1

———

tT£OM
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where we used the definition of an atomic point charge
gt at center T with respect to a locally orthonormal-
ized basis set [11]:
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reference cell. Such Madelung potentials can be evalu-
ated using Ewald-summation techniques [14].
The infinite summation of (7.4), however, in-

cludes also the non-classical domain, which is defined

def no(T) pe (7.5) through the conditions of (7.3). Therefore, the final
Or =21 - ;1 ( 00)(T~,f)(T,f)' ' Madelung correction formula has to resubstitute the

Madelung terms F(O (M) of the non-classical do-
Equation (7.4) contains all the long-range terms of  main by the correct Fock matrix representation:
(3.11), (4.3), (5.5), and (6.3) for the M.U&C, the
Z10.U&C, the R.U&C, and the NDIO.U&C variant,
respectively.

Following Ramirez and Béhm [12], (7.4) can be in-
terpreted as follows: For large internuclear distances
each non-zero Fock-matrix element F(’KA,“)(M,“) be-
longing to an atom M represents the Madelung poten-
tial of an electronic point charge at the center M of the

N def o
(Fo) gy = Fvm v ~ Fima

N
+ (Foo) (. (7.6)

X =M, ZIO,R,NDIO,

where
def N Y
Fvomg = 2, (—07)|Rm — Rrl™t+ Y (—aF) Y [Ru—[Rr —Ry|* forall . (1.7)
Ny R
T#M t£0

We now conclude: To allow a choice of small integers for the unit-cell parameters N4, Ng, and Na, which control
the expense of real-space lattice summations, (3.11), (4.3), (5.5), and (6.3) have to be replaced by the correspond-
ing expression of (7.6).

Since long-range interactions now are approximately included, real-space lattice summations can be restricted to
cover only few unit cells.

7.2. Long-range Correction of the Total Energy per Unit Cell

Finally, we discuss real-space lattice summations in the computation of the total energy per unit cell:

xuec . 1 N S n@Unof A \[X-U&C]
& ) VD IED VDY (Pon) M (N - (KOn)(M.u)(N,v)+(FOn)(M,y)(N,v)]
n=N-M,N=1 u=1 v=1
[X.U&C] B B [XU&C]
+ (Pgn)(M 1)(N, )(an)(M.u)(N,v) + (POn)(M,u)(N.v)( On)(M.u)(N,v)
(7.8)

Nn N*

{ Y (ZwZn)|Rm —Ra| 7+ Z (ZwZn) Y, IRv—[Rv—R]|” },
MN=1 MN=1 n=N-
—— —~—
N#M n#£0

X = M, ZI0,R,NDIO.

As before, Na, Ny, and N can be kept small if we include long-range Coulomb contributions by means of classical
Madelung energies, which again can be evaluated by means of Ewald-summation techniques [14]:

1 Nn Nn +oo
=§{ > auonRw—Rn[ '+ Y, auan Y, |RM_[RN—Rn]_1}'

M,N=1 M,N=1 N=—co (7.9)

N#M n#0
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Again, the part of the non-classical domain has to be resubstituted:

geVEC) . g g0y gXVEC % — M, Z10,R,NDIO,

where

Nn

M,N=1

o 1f & 3

& :=5{ >, aman[Rv—Ru['+ Y auan Y, IRM—[RN—Rn]‘l}'
M,N=1
——
N#£M

8. Oversimplifications in the “Unrestricted”
Modes of Approximation

The title of Ridenberg’s short paper (“On the
Three- and Four-Center Integrals in Molecular Quan-
tum Mechanics”) shows us that its author does not
recommend his approximation for an application to all
kinds of two-center integrals. Only all two-index and
two-center integrals of Coulomb type like

(Vmm) uu [PP] and (; g 3) , aswell as
u v

an MM[TT
(,J,J TT) uw vt i ’

remain uneffected by the one-electron approximation
route of Mulliken and Riidenberg, respectively, while
all two-index and two-center integrals of exchange

type
mt d m t|mt
an
“T> W |V

(m t
urt
remain unchanged by the corresponding two-electron
branch. One-index Coulomb integrals can always be
reproduced within the Mulliken scheme, and one-
center Coulomb integrals are generally reproduced by
Riidenberg’s approximation.

The “Unrestricted and Combined” use of Mulliken-
and Riidenberg-type approximations as well as their

n=N~—
—~—
n#0

(7.10)

(7.11)

Z10 and NDIO variants described above, however, in-
tentionally tolerated such obvious oversimplifications.
But it is clear that a less radical approximation scheme
has to avoid such conceptional shortcomings, though
the beauty and simplicity of the U&C approaches of

the last sections is lost in this case.
“Restricted” approximation procedures, on the

other hand, which intend to avoid some or all kinds
of oversimplifications, have to take care of additional
inconsistencies that are not explicitely discussed in
Ridenberg’s letter. Our question now is: How do both
approximation schemes operate on the two types of
three-index and three-center repulsion integrals

)

TL as well as

mmtI) m

and |

(uu T (u T

mtlmi mt|ml
and [ mr|mo |?

<“T“l> uwot|v A

While the double application of Rudenberg’s one-
electron route is particularly appropriate for all four-
index and four-center integrals in the Coulomb part
of the Fock matrix representation, the exchange-part
four-index and four-center integrals generally can be
regarded as being favourable for the two-electron ap-
proximation branch. Double applications, however, are
always unnecessary in three-index and three-center
cases. The “restricted” modes of the four approxima-
tion recipes based on Riidenberg’s ideas therefore can
be postulated as follows:

<X 3

o Within a “Restricted and Combined Mulliken” picture (M.R&C)
o M" will be used for three-index exchange part integrals of type

t I)WLHMIM] - (mm

L
tl LZE0
TA uwou )

TA

(mm
T

too, and

2

(St1) 2

(8.1)

{(an

tt mmil |
”)+(M‘“)},
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o M" will also be used for three-index Coulomb part integrals of type

(i ne) ()} 62)

o Within a “Restricted and Combined ZIO” picture (ZI0.R&C)
o ZI10" will be used for three-index exchange part integrals of type

(m m
Hop
too, and

o ZI10" will also be used for three-index Coulomb part integrals of type

(m m )0 g (1

e Within a “Restricted and Combined Riidenberg” picture (R.R&C)
o R' will be used for three-center exchange part integrals of type

m | [MH“lell] . (mt
A uT

m | >[lel7t] ._ (St {(mt

A 2 ur

¢ |>[Z|o;1u2|o'd} :: (mm

[z10']
tl [ZE
A oo ‘rl) -:&I&rl(:]?

t t) (8.3)

T7T)?

1] 1
|\ [Z10}},z10l, ] .
uT

A uT

mt ) . (8.4)

(8.5)

1 no(T) / t | m m
:ZQ{Z (T L)(MM
=1 \17 A u v

too, and

m t n(L) / t |

M T > + (T L) (
v v A=1\ 1t M

o Within a “Restricted and Combined NDIO” picture (NDIO.R&C)

o NDIO' will be used for three-center exchange part integrals of type

t o1 [NDIO}WMNDIO'T,_] mm|t | [ND|O|T|_] m m

T ) ::<MM T > ::6(|5TL<MM

T u virt u v
too, and

L
A
o NDIO" will also be used for three-center Coulomb part integrals of type

mt|ml [NDIO;\}IMNDIO!I'IL] mt|ml [ND'O¥L] m t
(MT M ) ::<MT M ) ::6[|8TL<MT
u T ut|v u T

L L
v A A

tt
TT>, (6.7)
T A

m t
MT). (8.8)
(s
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Although the formulation of “restricted” treatments
sketched in this way turns out to be quite extensive, the
application of these rules is straightforward. As in the
molecular case [15], the “Restricted and Combined”
use of Rldenberg’s approximations in crystal orbital
theories of Hartree-Fock type will thus be presented in
a forthcoming paper.

Finally, it should be stressed, that such “restricted”
routes of approximations do not improve the quality
of all multi-index and multi-center integrals, in gen-
eral [16]. Improvements, however, can be expected
from the fact that conceptual shortcomings are mini-
mized in a way, which is designed to be well-balanced
in both attractive and repulsive energy contributions.

9. Concluding Remarks

The present contribution shows that the insights of
the preceding paper obtained for the molecular case
can be extended to a related quantum chemical solid-
state formalism.

Within a picture gained by an “Unrestricted and
Combined” application (U&C), the four approxima-
tions

o of Mulliken type (M),
e of “Zero Integral Overlap” type (Z10),
o of Riidenberg type (R), and

o of “Neglect of Diatomic Integral Overlap” type
(NDIO)

considered here are interconnected in the following
way:

Rotational Globally orthogonal Locally orthogonal
invariance atomic orbital basis atomic orbital basis
violated Z10.U&C M.U&C
fulfilled NDIO.U&C R.U&C

All the oversimplifications tolerated in these four
U&C approximating approaches can be avoided within
the corresponding “Restricted and Combined” descrip-
tion (R&C), where all types of one- and two-index in-
tegrals (first row) or one- and two-center integrals (sec-
ond row), respectively, are calculated accurately.
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